Tricomi type boundary value problem with integral conjugation condition
  for a mixed type equation with Hilfer fractional operator by Karimov, Erkinjon
Tricomi type boundary value problem with integral
conjugation condition for a mixed type equation with Hilfer
fractional operator
Karimov E. T. 1 2 3
Abstract
In this work, The Tricomi type boundary problem with integral conjugation condition on the
type-changing line for the mixed type equation with Hilfer fractional differential operator has been
considered. Using method of integral equations, energy integral’s method, a unique solvability of
the formulated problem has been proved.
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1 Introduction
Fractional Calculus is developing intensively due to both practical [1] and theoretical importance [2].
Fractional analogues of essential equations such as diffusion, wave were studied involving different
fractional differential and integral operators[3],[4],[5],[6]. We will omit a huge amount of works devoted
to the studying of direct and inverse problems for partial differential equations (PDEs) with fractional
order operators and note only studies closely related to the present topic. Several boundary value
problems (BVPs) for mixed type equations with Riemann-Liouville fractional differential operator
(FDO) were studied for unique solvability in works [7],[8],[9]. BVP with integral form conjugation
conditions for PDEs with both Riemann-Liouville and Caputo FDOs were subject of series of investi-
gations [10], [11], [12], [13], [14]. In these works, authors used an explicit solution of certain BVP for
fractional diffusion equation studied by A.Pskhu [5].
For the first time, generalized Riemann-Liouville FDO which is also called as Hilfer FDO introduced
by Hilfer [15]. The Cauchy and some BVPs for ODEs and PDEs with Hilfer FDO investigated by many
authors, for instance [16], [4], [17], [18].
In this paper, we are aimed to study BVP with integral form conjugation condition in a mixed
domain consisted of characteristic triangle and rectangle, for a mixed type PDE with diffusion equation
involving Hilfer FDO.
2 Formulation of a problem and main functional relations
2.1 Formulation of a problem
Let us consider the following mixed type equation
0 =
{
kuxx −Dα,µ0t u, t > 0
uxx − utt, t < 0 (1)
in a mixed domain Ω = Ω1 ∪ Ω2 ∪ AB. Here k = const > 0, Ω1 = {(x, t) : 0 < x < l, 0 < t < T},
Ω2 = {(x, t) : −t < x < t+ l, −l/2 < t < 0} , AB = {(x, t) : 0 < x < l, t = 0},
Dα,µ0t f = I
µ(1−α)
0t
d
dt
I
(1−µ)(1−α)
0t f(t)
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is the Hilfer FDO of order α (0 < α ≤ 1) and of type µ (0 ≤ µ ≤ 1) [15], where
Iα0tf(t) =
1
Γ(α)
t∫
0
f(z)dz
(t− z)1−α
is the Riemann-Liouville fractional integral of order α (<(α) > 0) [2].
Tricomi type BVP for Eq.(1) in Ω can be formulated as follows:
Problem. To find a function u(x, t) which is continuous in Ω\AB, its Hilfer derivative is continuous
in Ω1 and it has continuous second order partial derivatives in Ω2, and it satisfies Eq. (1) in Ω together
with boundary conditions
u(0, t) = 0, u(l, t) = 0, 0 ≤ t ≤ T, (2)
u(x/2,−x/2) = ψ(x), 0 ≤ x ≤ l, (3)
conjugation conditions on AB
lim
t→+0
t(1−µ)(1−α)u(x, t) = u(x,−0), 0 ≤ x ≤ l, (4)
lim
t→+0
t1−α
(
t(1−µ)(1−α)u(x, t)
)
t
= γ1ut(x,−0) + γ2
x∫
0
ut(z,−0)P (x, z)dz+
γ3
l∫
x
ut(z,−0)Q(x, z)dz, 0 < x < l.
(5)
Here γi (i = 1, 3) are real constants, ψ(x), P (·, ·), Q(·, ·) are given functions such that ψ(0) = 0,
3∑
i=1
γ2i > 0.
2.2 Main functional relations
Let us introduce a notation
τ1(x) = lim
t→+0
t(1−µ)(1−α)u(x, t), 0 ≤ x ≤ l. (6)
Solution of the Eq.(1) in Ω1 which satisfies conditions (2), (6) can be written as follows [4]:
u(x, t) =
2
l
Γ[α+ µ(1− α)]
l∫
0
τ1(ξ)t
(1−µ)(α−1)
∞∑
n=1
Eα,α+µ(1−α)
(−kλ2ntα) sin(λnx) sin(λnξ)dξ, (7)
2
where λn = npil ,
Eα,β(z) =
∞∑
j=0
zj
Γ(αj + β)
(8)
is a two-parameter Mittag-Leffler function [19].
Using representations (7) and (8), we evaluate t1−α
(
t(1−µ)(1−α)u(x, t)
)
t
:
t1−α
2
l
Γ[α+ µ(1− α)]
l∫
0
τ1(ξ)
∞∑
n=1
Eα,α+µ(1−α)
(−kλ2ntα) sin(λnx) sin(λnξ)dξ

t
=
2
l
t1−αΓ[α+ µ(1− α)]
l∫
0
τ1(ξ)
∞∑
n=1
d
dt
(
1
Γ(α+ µ(1− α)) +
−kλ2ntα
Γ(2αµ(1− α)) +
(−kλ2ntα)2
Γ(3αµ(1− α)) + ...
)
×
sin(λnx) sin(λnξ)dξ = −kαΓ[α+ µ(1− α)]2
l
l∫
0
τ1(ξ)
∞∑
n=1
λ2n
(
1
Γ(2α+ µ(1− α)) +
−2kλ2ntα
Γ(3α+ µ(1− α))+
3(−kλ2ntα)3
Γ(4α+ µ(1− α)) + ...
)
sin(λnx) sin(λnξ)dξ
We introduce another notation, namely
ν1(x) = lim
t→+0
t1−α
(
t(1−µ)(1−α)u(x, t)
)
t
, 0 < x < l. (9)
Considering above-given evaluations from (7) we obtain the following functional relation on AB
deduced from Ω1 as t→ +0:
ν1(x) =
kαΓ[α+ µ(1− α)]
Γ[2α+ µ(1− α)] τ
′′
1 (x), 0 < x < l. (10)
Now we will establish another functional relation on AB which will be reduced from Ω2. For this
aim, we use a solution of the following Cauchy problem:
uxx − utt = 0, u(x,−0) = τ2(x), 0 ≤ x ≤ l, ut(x,−0) = ν2(x), 0 < x < l,
which has a form [20]
u(x, t) =
1
2
τ2(x+ t) + τ2(x− t) + x+t∫
x−t
ν2(z)dz
 . (11)
We substitute (11) into (3) and deduce
ν2(x) = τ
′
2(x)− 2ψ′(x), 0 < x < l. (12)
3 Existence and uniqueness results
3.1 Existence of a solution
Considering conjugation conditions (4), (5), from functional relations (10) and (12) we get
τ ′′1 (x)−Aτ ′1(x) = F1(x), 0 < x < l, (13)
3
where A = γ1Γ[2α+ µ(1− α)]/(kαΓ[α+ µ(1− α)]).
Boundary conditions (2) yield
τ1(0) = 0, τ1(l) = 0. (14)
Solution of (13)-(14) can be written as [21]
τ1(x) =
l∫
0
G0(x, ξ)F1(ξ)dξ, (15)
where
F1(x) =
Γ[2α+µ(1−α)]
kαΓ[α+µ(1−α)]
{
γ2
x∫
0
τ ′1(z)P (x, z)dz + γ3
x∫
0
τ ′1(z)Q(x, z)dz−
2γ1ψ
′(x)− 2γ2
x∫
0
ψ′(z)P (x, z)dz − 2γ2
l∫
x
ψ′(z)Q(x, z)dz
}
,
(16)
G0(x, ξ) =
1
A
[
eAx − eA(x−l)]
{ (
1− eAξ) (1− eA(x−l)) , 0 ≤ ξ ≤ x,(
1− eA(ξ−l) (1− eAx) , x ≤ ξ ≤ l.
Substituting (16) into (15), after integration by parts, we will get
τ1(x)−
l∫
0
τ1(ξ)K(x, ξ)dξ = F2(x), 0 ≤ x ≤ l, (17)
where
K(x, ξ) = Γ[2α+µ(1−α)]kαΓ[α+µ(1−α)]×{
G0(x, ξ)[γ2P (ξ, ξ)− γ3Q(ξ, ξ)]−
l∫
ξ
[
γ2
∂P (z,ξ)
∂ξ + γ3
∂Q(z,ξ)
∂ξ
]
G(x, z)dz,
}
F2(x) =
−2Γ[2α+ µ(1− α)]
kαΓ[α+ µ(1− α)]
l∫
0
G0(x, ξ)
γ1ψ(ξ) + γ2 ξ∫
0
ψ′(z)P (ξ, z)dz + γ3
l∫
ξ
ψ′(z)Q(ξ, z)dz
 dξ.
If K(x, ξ) is continuous or has a weak singularity and F2(x) is continuously differentiable, then a
solution of the second kind Fredholm integral equation (17) can be represented via resolvent-kernel
[22]:
τ1(x) = F2(x) +
l∫
0
F2(ξ)R(x, ξ)dξ, (18)
where R(x, ξ) is a resolvent-kernel of K(x, ξ).
We have reduced considered problem to the second kind Fredholm integral equation, which is
solvable under the certain conditions to the given data, but it might be not unique. Hence, we have
to prove a uniqueness of the formulated problem separately.
3.2 A uniqueness of the solution
We multiply equality (10) by τ1(x) and integrate along AB:
l∫
0
τ1(x)τ
′′
1 (x)dx−
Γ[2α+ µ(1− α)]
kαΓ[α+ µ(1− α)]
l∫
0
τ1(x)ν1(x)dx = 0.
4
Considering
l∫
0
τ1(x)τ
′′
1 (x)dx = −
l∫
0
(τ ′1(x))
2 dx, we deduce
Γ[2α+ µ(1− α)]
kαΓ[α+ µ(1− α)]
l∫
0
τ1(x)ν1(x)dx+
l∫
0
(
τ ′1(x)
)2
dx = 0. (19)
Let us first consider the following integral
I =
l∫
0
τ1(x)ν1(x)dx, (20)
where τ1(x) and ν1(x) are defined by (6) and (9), respectively.
Considering (5) and (12) at ψ(x) ≡ 0, after integration by parts we get
I =
l∫
0
τ21 (x) [γ2P (x, x) + γ3Q(x, x)] dx−
l∫
0
τ1(x)
γ2 x∫
0
τ1(z)
∂P (x, z)
∂z
− γ2
l∫
x
τ1(z)
∂Q(x, z)
∂z
 dx.
(21)
Suppose that
∂P (x, z)
∂z
= −P1(x)P1(z), ∂Q(x, z)
∂z
= −Q1(x)Q1(z), (22)
then from (21) it follows that
I =
l∫
0
τ21 (x) [γ2P (x, x) + γ3Q(x, x)] dx+
γ2Φ
2
1(l)
2
+
γ3Φ
2
2(0)
2
, (23)
where
Φ1(x) =
x∫
0
τ1(z)P1(z)dz, Φ2(x) =
l∫
x
τ1(z)Q1(z)dz.
If we suppose that
γ2 ≥ 0, γ3 ≥ 0, P (x, x) ≥ 0, Q(x, x) ≥ 0, (24)
from (23) we will get I ≥ 0.
Since Γ(z) > 0 for all z > 0, then for k > 0 from (19) we will have τ1(x) ≡ 0. Further, considering
solution of the first BVP for Eq.(1) in Ω1 [4], we will get u(x, t) ≡ 0 in Ω1. Due to (4), one can easily
deduce that u(x, t) ≡ 0 in Ω.
Finally, we are able now formulate our result as the following
Theorem. If ψ(x), P (·, ·), Q(·, ·) are continuous and continuously differentiable in their domain,
and conditions (22), (24), γ1 ≥ 0, k > 0 are fulfilled, then formulated problem has a unique solution
represented as follows
u(x, t) = θ(t)2l Γ[α+ µ(1− α)]
l∫
0
[
F2(ξ) +
l∫
0
F2(η)R(ξ, η)dη
]
t(1−µ)(α−1)
∞∑
n=1
Eα,α+µ(1−α)
(−kλ2ntα)×
sin(λnx) sin(λnξ)dξ +
θ(−t)
2
[
F2(x+ t) + F2(x− t) +
l∫
0
F2(ξ)[R(x+ t, ξ) +R(x− t, ξ)]dξ+
x+t∫
x−t
[
F ′2(z)− 2ψ′(z) +
l∫
0
[F ′2(η)− 2ψ′(η)]R(z, η)dη
]
dz
]
,
5
where θ(t) = 1 for t ≥ 0 and θ(t) = 0 for t < 0.
Remark. Functions P (x, t) = sinx cos t and Q(x, t) = e−x
(
1 + e−t
)
satisfy all conditions imposed
in Theorem if l ≤ pi/2.
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